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QUESTION 2

2.1

2.2

jydx
= J.sin3 2x(1 —sin’ 2x)dx
= '[sin3 2xcos’ 2xdx v
= '[sinz 2xsin2xcos’ 2xdx v
= I(l —cos’ 2x)sin 2xcos’ 2xdx v/

= Isin 2xcos* 2x —sin2xcos’ 2x dx v

3 5
:_lcos 2x+lcos 2x+C/
2 3 2 5
Alternative
Iydx
= J‘sin3 2x(1 —sin? 2x)dx
= J.sin3 2x —sin’ 2xdx
= Jsinz 2xsin2x —(sin2 2x)2 sin2x dx Or using
U =CcoSs2x
2
= I(l—cosz Z)C)Sin2x—(1—cos2 2x) sin2x dx vV du
dx=———
= I(l —cos’ 2x)sin 2x —(1 —2cos? 2x + cos’ 2x)sin 2xdx v —2sin 2x

= Isin 2x — cos? 2xsin 2x — sin 2x + 2 cos’ 2xsin 2x — cos® 2xsin2x dx ¥

= jcosz 2xsin2x—cos’ 2xsin2x dx vV

1 cos®2x 1cos’2x

L
2 3 2 5

+C v

jydx = jtan3 3xsec’ 3xdx

= '[tanB 3xsec’ 3xsec? 3xdx

= Jtan3 3x(1 + tan? 3x)sec2 3xdx u=tan3x dx= d—l;
3sec” 3x
du
=|u’ (1+u?)sec’ 3x
J. ( ) 3sec’ 3x v
= ljlf +u’du
3

_ut wt)
3\3 6

1(tan*3x tan®3x v tan’ 3x tan®3x
+ +C or +
4 6 12 18

+C

()
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Alternative 1
Iya’x = Jtan3 3xsec 3xdx

= Jtan3 3xsec” 3xsec’ 3xdx v n 3x(1 +tan’ 3x)sec2 3xdx v
4 6
= J.tan3 3xsec” 3x + tan’ 3xsec” 3xdx v tali;x + tal; 83x +C v
by inspection

Alternative 2
jydx = J“[an3 3xsec’ 3xdx

B J- sin® 3x Iy v

cos® 3x cos” 3x
J- sm ? 3xsin 3x
cos’ 3x
= .[ (—cos’ 3x) St 3xdx u = cos3x du =-3sin3x dx= —du v
cos’ 3x dx —3sin3x

J-(l —~u’)sin3x  du
u’ —3sin3x

le 5 -5
—Eju —-udu

:—l —lsec63x+lsec43x +C Vv
3| 6 4

Alternative 3

Iydx = J.tan3 3xsec” 3xdx
= jtan 3xtan® 3xsec* 3xdx v
= Itan 3x(sec’ 3x —1)sec” 3xdx
= _[sec(’ 3xtan3x—sec’ 3xtan3xdx v

= Isecs 3xsec3xtan3x —sec’ 3xsec3xtan 3x dx v

= '[ % sec’ 3x(3sec3xtan3x) — %sec3 3x(3sec3xtan 3x )dx

1 sec®3x 1sec’3x
=— -—— +C v
3 6 3 4
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= %(1 +tan’ ?))c)3 —%(l + tan’ 3x)2 +C

(sec2 3x)3 —%(sec2 3x)2 +C

- i(1+3tan2 3x+3tan® 3x + tan® 3x)—i(1+ 2tan’ 3x + tan* 3x)+c
18 12

:L+ltan2 3x+ltan4 3x+itan6 3x—L—ltan2 3x—itan4 3x+C
18 6 6 18 12 6 12

1

=Ltan4 3x+Ltan6 3x+L——+C =Ltan4 3x+Ltan6 3x+C
12 18 18 12 18

12

23 J’ydx
= J(x+l)2 In(x+1) dx f()=In(x+1)
O
) (x+1) 2 (x+1)
=In(x+1) 3 _J-x+l 3 dx v
:1n(x+1)2@_z ( +1)2dx v
=In(x+1)’ ) 2(x+D vc v
3 3 3

or =§(x+1)31n(x+1)—§(x+1)3+C or

(4)

(x+ 1)3

[21n(x+1)—ﬂ+c

OR jydx= I(x+1)21n(x+1)2dx:2I(x+1)21n(x+1)dx follow up
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Alternative

fydx = f(x + 1)% In(x + 1)%dx

g =x+1? =g =

F)=In(x+1) = f'(x) = —

x+1

3

(x+1)3

=f(x+1)2.21n(x+1)dx\/

[(x + 1)3 1 (x+1)3
_ _ v
2_ 3 In(x + 1) ,[x+1' 3 dx
[(x + 1)3 + 1)?
=2 u.ln(x+1)—judx v
3 3
[(x +1)° +1)°
=2 u.ln(x+1)—u +Cv
3 9
Note also
+ 1)? 1
—f%dx=—§j(xz+2x+1)dx

2.4
2—3x—x2 =—|x’ +3x—2
4 4

(4)
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jydx
J. ! dx=J. ! 2a’x
2—3x—x2 9—[x+3)
4 2 2
L3
:lsinlx 2,¢
3 4
{2
:sin’12x+3+C or =sin™’ 2er3+C v
)3 W2
V2
Alternative
b <+b>2 4ac — b?
ax? x+c=alx T yy
2 a(-1)(2)-(-3)2
>—x°=3x+-= 1(x+) ( )4((4_)1)( U~
3 2\/
—“1(“5)
dx— dx\/

3
= 2gin~1 IXTJ%] +Cv
e 0
2.5 J‘ya’)c=<|.sin2 2x—cos’ 2xdx
= —j cos’ 2x —sin* 2x dx
= —j cosédxdx

sin4x
=— +C v
4
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Alternative 1

J.sinz 2x—cos’ 2xdx

ﬁ_w_(£+s1n4x)+c

2 8 2 8 Use the formula sheet.
x sin4x x sin4dx
PO +C
2 8 2 8
in 4
_ Sin 4x +C v

Alternative 2
Iya’x = J.sin2 2x—cos’ 2x dx

:Il—lcos4x— l+lcos4x
2 2 2 2

=—Icos4xdx=—81n4x+C v
Alternative 3
jSinz 2x—cos” 2xdx Alternative 4
s 2 2
[sin® 2x = (1-sin” 2x) dx [ sin® 2x = cos® 2x dx

= _[1 —cos® 2x —cos® 2x dx

jzsin2 2x—1dx

, =j1—2cos2 2x dx
2(5— sm84xj_x+c

7 o2 £+sm4x i C
. 2 8
sin4x
X — -x+C sin 4x
=x—-x- ) +C
— sin 4x +C sin 4x
4 v =~ +C v

(1)
[18]
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QUESTION 3
3.1 J- 3xt—6x—1 »
(x2+1)(x+1)(x—1)
3x*—6x—1 Ax+B C D
5 =——+ + v
(x +1)(x+1)(x—1) x+1 x+1 x-1
3x° —6x—1=(Ax+ B)(x +1)(x =)+ C(x* + D)(x = 1)+ D(x* +1)(x +1)............ 1)

3x° —6x—1=(Ax+ B)(x* =)+ C(x’ +x—x* =)+ D(x’ + x + x> +1)
3x°—6x—1=Ax’ + Bx* —Ax—B+Cx’ +Cx—=Cx*—=C+Dx’ + Dx+ Dx*+ D

Equating x> A+C+D=0............. (2)
Equating x> B—C+D=3............. 3)
Equating x —4+C+D =—6............. 4)
Equating constants:— B—-C+ D =—1............. (5)
3)-(5)=>2B=4 ~B=2 Vv
2)-(4)=>24=6 .. A=3
2)+4)=2C+2D=-6 ~D=-3-C
SubstitutingBand Din(5) -2-C-3-C=-1 ..C=-2
D=-3+2
D=-1 4,
J- : 3x* —6x—1 J~3x+2d I—dx+ —dx
(x +1)(x+1)(x—1) X+l -1

2 2 1
_J.x +1d +Ix2+1dx_~[x+ldx_-[x—ldx

:Eln(x2 +D+2tan x-2In(x+1)-In(x-1)+C v
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Alternative 1

3x* —6x—1 Ax+B C D
- =——+ +
(x +1)(x+1)(x—1) x+1 x+1 x-1
3x° —6x—1=(Ax+ B)(x +D)(x =) + C(x* + D) (x = 1) + D(x* +1)(x + 1)............ )]
Whenx =1 —-4=4D ~D=-1
Whenx=-1 8§=-4C LC=-2
When x=0 —-1=-B-C+D =-1=-B+2-1 ~B=2
Equatingx’ A+C+D=0=>4-2-1=0 LA=3 v

v

A=3 B=2 C=-2 D=-1

3x* —6x—1 3x+2
J.(xz+1)(x+1)(x—l) j

2 2 1
_Ix +1d +jx2+1dx— mdx—_“ﬁdx

¥
:Eln(x2 +D)+2tan” x=2In(x+1)~In(x-1)+C

Alternative 2

3x* —6x—1 _Ax+B+Cx+D v

(x2+1)(x+1)(x—1) x> +1 x* -1

3x* —6x—1=(Ax+ B)(x* =)+ (Cx + D)(x* +1)............ o v

Whenx=1 —-4=(C+D)2 LC+D==2...... (2)

Whenx=-1 8=(-C+D) n=C+D=4...... 3)

@2+06) 2D=2 D= v Note that the

PutD=11in (2) C=-3 v values of C
and D have

When x=0 —1=-B+D ~B=2 v | Cchanged

Equatingx® A+C=0 = A4-3=0 nA=3 Vv
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3x* —6x-1 3x+2
J.(x +1)(x+1 -[

3x” —6x—1 3x+2 —3x+1
I(x2+l)(x+1)(x—1)dx_'[ dx+j Y

—jx2+1d +J.x+d+J- dx+Ix &

)4 2tan x-S — i e Y VY VY
2 2 2 x+l

= %ln(x2 +1)+2tan” x—%ln(x+1) —%ln(x—l) +%ln(x—1) —%ln(x+ H+C

:%In(x2 +1)+2tan”' x—2In(x+1)-In(x—-1)+C

(6)

3_ e
jwalx ¥ =9)x' —10x—15(x

x =9

x —9x
-x-15 4

x3—10x—15_x+—x—15

x> =9 -9 v

-x-15 A B

= +
-9 x+3 x-3
—x—-15=A4A(x-3)+B(x+3)

whenx=3 -18=B.6 SL.B=-3
when x=-3 3-15= A(-6) LA=2
x=10x-15 -3
Iz— X = v
x -9 x—3

2

:%+21n(x+3)—31n(x—3)+c v
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Alternative
3_ J—
X 10x 15:x+A+ B N C v

x -9 x+3 x-3
X —10x—15=(x+ A)(x+3)(x-3)+ B(x-3)+C(x+3) ¥
x=3 27-30-15=C(3+3) C=-3
x=-3 —27+30-15=B(-3-3) B=2 4
x=0 -15=A43)(-3)-3B+3C

—15=-94-3(2)+3(-3) LA=0 v

3 _ —
dexzjx+0+ + 3 dx v

x =9 x+3 x-3

2
:%+21n(x+3)—31n(x—3)+C v
(6)
[12]
QUESTION 4
4.1 dy

——+ YSECX = XCOS X
dx
p =secx O=xcosx

eJ.pdx _ ejsecxdx

In(sec x+tan x
_ i )

v
=secx+tanx

j QeIpdxdx = Jx cosx(secx+tanx)dx

1 sin x
+

COSX COSX

I xcos x( )dx

=Ix+xsinxdx

= Ix dx+ _[ xsin x dx using by parts for the second integral

:x—22+{x(—cosx)—jl.—cosxdx} v

=%2+{—xcosx+-[cosxdx} v

2
X .
=?—XCOSX+SIHX v

2
X .
y(secx+tanx):7—xcosx+smx+C v

(6)
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4.2 Fr—6r+12=0

L _6%4/36-48
2
_6+V-12  6+243i

2 2
—34+3i v

Ly =er [A cos~/3x+ Bsin \/gx} v
y=y,+y,Buty =0
y=e" [A cos~/3x+ Bsin \/gx]

x=0;y=2 2=¢"[Acos0+Bsin0] v
LA=2

% =™ —\/gA sin x/gx + \/gB cos \/ng +3e™ [A cos x/gx + Bsin \/ng v
X
x=0; Z—y:6+4\/§ 6+4\/§:e°[—\/§Asin0+\/gBCOSO}+3eO[Ac0s0+BsinO]

X

6+4\3 =\3B+34

putA=2 6+43=\3B+6 . B=4 v

g y=e3"[2c05x/§x+4sin\/§x] v (6)

[12]
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QUESTION §
5.1 5.1.1
A -
£
5x—x*=5-x v OR Sy —x2 =5—x
x*—6x+5=0 x(5—x)=5—x
(x=5)(x-1)=0 Y x(5—x)—(5—x)=0
x=5 x=1 S—x)(x—1)=0
y=0 y=4 x=5 x=1
(5:0) (1;4) v y=0 y=4
5.1.2

5
A:IS)C—)C2 -5-x)dx Vv
1
5
:J‘(6x—x2 —5)dx
1

v

=10§ or % or 10,667units’

v

=13(5)° —%—5(5)—{3(1)2 —%—5(1)}}

4

3)

3)
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5.1.3

5.2.1
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b
v, =2x[x(n-p)dx o
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5
= 27ZI x(6x — x> —5)dx
1

3 g4 2
21 65——5——55——{6

'jl

b
Az_[(xl—xz)dy v y=lhx=x=¢e" v

2
=."eydJ v

=[], ¥
[ -] v

= 6,389units* v

(4)

2)
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-2 1
:J.yzg(y+4)2dy u=y+4 dy=du
-4
y=-4 u=0and y=-2
2 1
:zj.(u—4)2u2du v
20

2 1
zgj(u2—8u+l6)u2du v
0

32 3 3 1
:Ej(u2—8u2+16u2)du v
0

3
2
3
2

2z
7

,
325
7

5

Zu? —8.3u5 +16.
5

2 5

—8.222 116.
5

=22,95lunits*

3 2
Euz}
3

0

P
—22—-(0
3 0)

v

5.3.1

5

’I.-I:a"’
7
7 L

K
y //.

b
A
"7 A

v

= Nen €

-

p.hld

A

(6)

)
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b
I, :%ﬁpjy4dx
1 jtan“xdx
2 ,00
|3
—72',0J. tan’ xtan’ xdx v
2 0
l;z j-tan2 x(sec® x —1) dx
2 ,00
|l
Eﬂpj (tan® xsec’ x —tan’ x)dx
0
1 [tan’x }4
—7p —(tan x — x)
2
L 0
1 tan® ~
2P —tan—+——(0) v
2|37,
_0,187p v
For x intercepts gx2—4:O x* =9 x=-3

y intercept y=—4

(6)
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-2 1
:jyzg(y+4)2dy u=y+4 dy=du
4

y=-4 u=0and y=-2

37 2
=—I(u—4)2u2du v
20

3
2

3

3t 3 L2
:—J.(u2 —8u? +1
2'0

B 7 5
_3 gu2 —8.21/!2
2_7
3

B 7 5
_3125 g2y
217 5

=22,951units”

2 1
:—I(u2—8u+16)u2du v
0

1

6u)du v

2 37
+16§u2:| v

0

2 3
+16.§22 —(0)} v

v

4

(6)
[40]
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2
1+ (d—yj =1+ 2 = 2 =7
» 2 2 2
x3 x3 x?
&Y B -3
B
x3
b 2
S :J- 1+(d_y dx
, x
2 1
= I\/gx dx v For limits
0
2 2
x’ For integration
_ Bl v g
3
0
3 2
=3 5{23 - 0} v For substitution of limits

=4,124 units v
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Alternative

y=B-x7"

y2/3 = 3 — x2/3

x=@3-y")"

L33 2/3)1/2 w21
T2 y 37

< (2 =6 -5y

2 2/ / 2/
_ (B-y/3) _y/3+(B-y ’3) _
=1+ () =1+ N
5.196
=S5 = f ——dy Vv
1.679 /3
5.196 L
= \/§ e /3dy v
1.679
5. 196
- \/_[2/ ]
311,679

=33 ((5.196)s - (1.679)"5] v

=4.124 v

x=0=y=5196

x=2=y=1679

y2/3

(6)
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6.2 x =12 —y2

=g
= f 2mx
JrZ—(a+h)?
= .
= Zm”f x(r2—=x*)"zdx v
JrZ—(a+n)?
= )
= —nrf —2x(r? —x?)"2dx v
JrZ—(a+h)?
W
rz _ xZ 2
- % v
2 Jr2—(a+h)?
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Alternative 1

> 2x—=—2
dy y
dx Y
dy_ x

= 2mr[y]gthv
=2nrja+h—a]v

=2nrh v
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Alternative 2
— [2 _ .2
X re=y y=a= x =+/r2—a?
1
=y =Vr2—x*=(r? —x?): y=a+h= x=,r%-(a+h)?
d 1 _1
L= —(r? —x?)72x —2x
dx 2
(d_y)z xZ
dx T or2_yx2
d_y)Z _ XZ _ 7..2
=1+ (dx =1+ r2—x2 r2—x2

N
r? —x?)2
N ( y ) v
2 Ny
= —2nrla—(a+h)] v
= 2nrh v (6)

[12]

TOTAL: 100
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