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sin using by parts for the second integral

( cos ) 1. cos
2

cos cos
2

cos sin
2

(sec tan ) cos sin
2

x dx x x dx

x x x x dx

x x x x dx

x x x x

xy x x x x x C

= +

= + − − −

= + − +

= − +

+ = − + +

∫ ∫

∫

∫  

 

  (6) 
 
 
 

 

 

 

 

 

 

 

 

 

 

 

 



NASIENRIGLYN -13- 
WISKUNDE N6 

Kopiereg voorbehou  Blaai om asseblief 

 
 
4.2 

[ ]

2

3

3

0

6 12 0

6 36 48
2

6 12 6 2 3
2 2

3 3

cos 3 sin 3

But 0

cos 3 sin 3

0 ; 2 2 cos 0 sin 0

x
c

c p p

x

r r

r

i

i

y e A x B x

y y y y

y e A x B x

x y e A B

− + =

± −
=

± − ±
= =

= +

 ∴ = + 
= + =

 = + 
= = = +

 

[ ]

3 3

0 0

3

2

3 sin 3 3 cos 3 3 cos 3 sin 3

0; 6 4 3 6 4 3 3 sin 0 3 cos 0 3 cos 0 sin 0

6 4 3 3 3

2 6 4 3 3 6 4

2cos 3 4sin 3

x x

x

A
dy e A x B x e A x B x
dx

dyx e A B e A B
dx

B A

putA B B

y e x x

∴ =

   = − + + +   

 = = + + = − + + + 

+ = +

= + = + ∴ =

 ∴ = + 

 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  (6) 
[12] 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

 

 

 
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VRAAG 5 
 
5.1 5.1.1 

 

 

  (4) 
 
  2

2

5 5
6 5 0

( 5)( 1) 0
5 1
0 4

x x x
x x
x x

x x
y y

− = −

− + =
− − =
= =
= =

 

( )(5;0) 1;4  

OF 
 

 

  (3) 
 
 5.1.2 5

2

1
5

2

1
52 3

1

3 3
2 2

2

5 (5 )

(6 5)

6 5
2 3

(5) (1)3(5) 5(5) 3(1) 5(1)
3 3

2 3210 10,667units
3 3

A x x x dx

x x dx

x x x

or or

= − − −

= − −

 
= − − 
 

  
= − − − − −  

  

=

∫

∫

 

 

  (3) 
 
 
 
 
 
 
 
 
 
 
 
 

25 5
(5 ) 5
(5 ) (5 ) 0

(5 )( 1) 0
5 1
0 4

x x x
x x x
x x x

x x
x x
y y

− = −
− = −
− − − =
− − =
= =
= =

 

 

 

 

 

 

 
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 5.1.3 

1 2

5
2

1
5

2 3

1
53 4 2

1

3 4 2 3 4 2

3

2 ( )

2 (6 5)

2 (6 5 )

2 6 5
3 4 2

5 5 5 1 1 12 6 5 6 5
3 4 2 3 4 2

64 201,062units

b

y
a

V x y y dx

x x x dx

x x x dx

x x x

π

π

π

π

π

π

= −

= − −

= − −

 
= − − 

 

  
= − − − − −  

  
= =

∫

∫

∫  

 

  (4) 
 
5.2 5.2.1 

 

 

  (2) 
 
 5.2.2 

1 2

2

0
2

0

2 0

2

( ) ln

6,389units

b
y

a

y

y

A x x dy y x x e

e dy

e

e e

= − = ⇒ =

=

 =  

 = − 
=

∫

∫
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

 

  

 

 
 

 

 



NASIENRIGLYN -16- 
WISKUNDE N6 

Kopiereg voorbehou  Blaai om asseblief 

 
 
  

2

12
2 2

4

12
2 2

0

3 ( 4) 4 4
2

4 0 and  2 2

3 ( 4)
2

b

x
a

I r dA

y y dy u y dy du y u

y u y u

u u du

−

−

=

= + = + = = −

= − = = − =

= −

∫

∫

∫

 

5
2

12
2 2

0
3 12
2 2

0
27 5 3

2 2 2

0

7 5 3
2 2 2

4

3 ( 8 16)
2

3 ( 8 16 )
2

3 2 2 28. 16.
2 7 5 3

3 2 2 22 8. 2 16. 2 (0)
2 7 5 3

22,951units

u u u du

u u u du

u u u

= − +

= − +

 
= − + 

 

 
= − + − 

 
=

∫

∫

 

 

  (6) 
 
5.3 5.3.1 

 

 

  (2) 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

 

 

 
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 5.3.2 

4

4
4

0

4
2 2

0

4
2 2

0

1
2

1 tan
2

1 tan tan
2

1 tan (sec 1)
2

b

x
a

I y dx

x dx

x x dx

x x dx

π

π

π

πρ

πρ

πρ

πρ

=

−

∫

∫

∫

∫

 

( )

4
2 2 2

0

3 4

0

3

1 (tan sec tan )
2

1 tan (tan )
2 3

tan1 4 tan 0
2 3 4 4

1 1 1
2 3 4

0,187

x x x dx

x x x

π

π

πρ

πρ

π
π ππρ

ππρ

ρ

−

 
− − 

 

 
 

− + − 
 
 
 − +  

=

∫

 
2 24For intercepts   4 0 9 3 3

9
 intercept  4

x x x x x

y y

− = = ∴ = − =

= −
 

 

  (6) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

 

 

 
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5.4 5.4.1 

 
2

2

2

1
2

4 4
9

4 4
9

9 ( 4)
4

3 ( 4)
2

y x

x y

x y

x y

= −

= +

= +

= +

 

 

  (4) 
 
 5.4.2 

2

12
2 2

4

12
2 2

0

3 ( 4) 4 4
2

4 0 and  2 2

3 ( 4)
2

b

x
a

I r dA

y y dy u y dy du y u

y u y u

u u du

−

−

=

= + = + = = −

= − = = − =

= −

∫

∫

∫

 

5
2

12
2 2

0
3 12
2 2

0
27 5 3

2 2 2

0

7 5 3
2 2 2

4

3 ( 8 16)
2

3 ( 8 16 )
2

3 2 2 28. 16.
2 7 5 3

3 2 2 22 8. 2 16. 2 (0)
2 7 5 3

22,951units

u u u du

u u u du

u u u

= − +

= − +

 
= − + 

 

 
= − + − 

 
=

∫

∫

 

 

  (6) 
  [40] 
 
 
 
 
 

 

 

 

 

 

 

 
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VRAAG 6 
 
6.1 3

2 2
3

1 1
2 1 2 12 2
3 3 3 3

2 2 2
3 3

2 2 2
3 3 3

2

2 2 2
3 3 3

3

3 23 . 3
2 3

3

3 3
31 1

y x

dy x x x x
dx

dy x x
dx

x x x
dy
dx

x x x

− −

−

 
= − 
 

   
= − − = − −   

   
   = −  

   
   

− + −   
     + = + = = 
 

 

1
3

1
3

2
3

2

1
3

2

2

0
2

2
3

0

2
3

31 3

1

3

3

33 2 0
2

4,124 units

b

a

dy x
dx x

dyS dx
dx

x dx

x

−

−

 + = = 
 

 = +  
 

=

 
 =  
  

 
= − 

 
=

∫

∫

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

 

 

 

Vir limiete 

Vir integrasie 

Vir substitusie van limiete 
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 Alternatief 

 
𝑦𝑦 = (3 − 𝑥𝑥2 3� )3 2�         
 
𝑦𝑦2 3� = 3 − 𝑥𝑥2 3�  
 
𝑥𝑥 = (3 − 𝑦𝑦2 3� )3 2�      
  

⇒ 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 3
2
�3 − 𝑦𝑦2 3� �

1
2� × −2

3
𝑦𝑦−1 3�    

 

⇒ � 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
2

=(3 − 𝑦𝑦2 3� ) × 𝑦𝑦−2 3�      
 

⇒ 1 + � 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
2

= 1 + (3−𝑦𝑦
2
3� )

𝑦𝑦
2
3�

= 𝑦𝑦
2
3� +(3−𝑦𝑦

2
3� )

𝑦𝑦
2
3�

= 3

𝑦𝑦
2
3�
    

 

⇒ 𝑆𝑆 = � �
3

𝑦𝑦2 3�
𝑑𝑑𝑑𝑑

5.196

1.679
 

 
   

         = √3� 𝑦𝑦−1 3� 𝑑𝑑𝑑𝑑
5.196

1.679
 

 

       = √3 �𝑦𝑦
2
3�

2
3�
�
1.679

5.196

 

 
       = 3√3

2
�(5.196)2 3� − (1.679)2 3� �  

 
       = 4.124   

 

  (6) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝑥𝑥 = 0 ⇒ 𝑦𝑦 = 5,196 
 
𝑥𝑥 = 2 ⇒ 𝑦𝑦 = 1,679    
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6.2 𝑥𝑥 = �𝑟𝑟2 − 𝑦𝑦2 

 
    ⇒ 𝑦𝑦 = √𝑟𝑟2 − 𝑥𝑥2 = (𝑟𝑟2 − 𝑥𝑥2)

1
2    

 
    ⇒ 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= 1

2
(𝑟𝑟2 − 𝑥𝑥2)−

1
2 × −2𝑥𝑥    

   

    ⇒ � 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
2

= 𝑥𝑥2

𝑟𝑟2−𝑥𝑥2
    

 

    ⇒ 1 + � 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
2

= 1 + 𝑥𝑥2

𝑟𝑟2−𝑥𝑥2
= 𝑟𝑟2

𝑟𝑟2−𝑥𝑥2
  

 

        𝐴𝐴𝑦𝑦 = ∫ 2𝜋𝜋𝜋𝜋�1 + � 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
2
𝑑𝑑𝑑𝑑𝑏𝑏

𝑎𝑎      
 

             = � 2𝜋𝜋𝜋𝜋�
𝑟𝑟2

𝑟𝑟2 − 𝑥𝑥2
𝑑𝑑𝑑𝑑

√𝑟𝑟2−𝑎𝑎2

�𝑟𝑟2−(𝑎𝑎+ℎ)2
 

 

             = 2𝜋𝜋𝜋𝜋� 𝑥𝑥(𝑟𝑟2 − 𝑥𝑥2)−
1
2𝑑𝑑𝑑𝑑

√𝑟𝑟2−𝑎𝑎2

�𝑟𝑟2−(𝑎𝑎+ℎ)2
      

 

             = −𝜋𝜋𝜋𝜋� −2𝑥𝑥(𝑟𝑟2 − 𝑥𝑥2)−
1
2𝑑𝑑𝑑𝑑   

√𝑟𝑟2−𝑎𝑎2

�𝑟𝑟2−(𝑎𝑎+ℎ)2
 

 

            = −𝜋𝜋𝜋𝜋 �
(𝑟𝑟2 − 𝑥𝑥2)

1
2

1
2�

�

�𝑟𝑟2−(𝑎𝑎+ℎ)2

√𝑟𝑟2−𝑎𝑎2

 

 
           = −2𝜋𝜋𝜋𝜋[𝑎𝑎 − (𝑎𝑎 + ℎ)]  
 
           = 2𝜋𝜋𝜋𝜋ℎ   
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 Alternatief 1 

 
𝑥𝑥 = �𝑟𝑟2 − 𝑦𝑦2  
 
⇒ 𝑥𝑥2 = 𝑟𝑟2 − 𝑦𝑦2  
 
⇒ 2𝑥𝑥 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= −2𝑦𝑦  

 
⇒ 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= −𝑦𝑦

𝑥𝑥
  

 

⇒ � 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
2

= 𝑦𝑦2

𝑥𝑥2
  

 

⇒ 1 + � 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
2

= 1 + 𝑦𝑦2

𝑥𝑥2
= 𝑥𝑥2+𝑦𝑦2

𝑥𝑥2
= 𝑟𝑟2

𝑥𝑥2
  

 

𝐴𝐴𝑦𝑦 = ∫ 2𝜋𝜋𝜋𝜋�1 + � 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
2
𝑑𝑑𝑑𝑑𝑏𝑏

𝑎𝑎   
 
     

      = � 2𝜋𝜋𝜋𝜋�
𝑟𝑟2

𝑥𝑥2
𝑑𝑑𝑑𝑑

𝑎𝑎+ℎ

𝑎𝑎
 

 
     

      = 2𝜋𝜋𝜋𝜋� 𝑑𝑑𝑑𝑑
𝑎𝑎+ℎ

𝑎𝑎
 

 
     = 2𝜋𝜋𝜋𝜋[𝑦𝑦]𝑎𝑎𝑎𝑎+ℎ 
  
     = 2𝜋𝜋𝜋𝜋[𝑎𝑎 + ℎ − 𝑎𝑎]  
 
     = 2𝜋𝜋𝜋𝜋ℎ   
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 Alternatief 2 

 
𝑥𝑥 = �𝑟𝑟2 − 𝑦𝑦2 
     
    ⇒ 𝑦𝑦 = √𝑟𝑟2 − 𝑥𝑥2 = (𝑟𝑟2 − 𝑥𝑥2)

1
2   

 
    ⇒ 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= 1

2
(𝑟𝑟2 − 𝑥𝑥2)−

1
2 × −2𝑥𝑥    

   

    ⇒ � 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
2

= 𝑥𝑥2

𝑟𝑟2−𝑥𝑥2
    

 

    ⇒ 1 + � 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
2

= 1 + 𝑥𝑥2

𝑟𝑟2−𝑥𝑥2
= 𝑟𝑟2

𝑟𝑟2−𝑥𝑥2
  

   

      𝐴𝐴𝑦𝑦 = � 2𝜋𝜋𝜋𝜋�1 + � 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
2

𝑑𝑑𝑑𝑑
𝑏𝑏

𝑎𝑎
     

 

             = � 2𝜋𝜋𝜋𝜋�
𝑟𝑟2

𝑟𝑟2 − 𝑥𝑥2
𝑑𝑑𝑑𝑑

√𝑟𝑟2−𝑎𝑎2

�𝑟𝑟2−(𝑎𝑎+ℎ)2
 

 

             = 2𝜋𝜋𝜋𝜋� 𝑥𝑥(𝑟𝑟2 − 𝑥𝑥2)−
1
2𝑑𝑑𝑑𝑑

√𝑟𝑟2−𝑎𝑎2

�𝑟𝑟2−(𝑎𝑎+ℎ)2
      

 

             = −𝜋𝜋𝜋𝜋� −2𝑥𝑥(𝑟𝑟2 − 𝑥𝑥2)−
1
2𝑑𝑑𝑑𝑑   

√𝑟𝑟2−𝑎𝑎2

�𝑟𝑟2−(𝑎𝑎+ℎ)2
 

 

            = −𝜋𝜋𝜋𝜋 �
(𝑟𝑟2 − 𝑥𝑥2)

1
2

1
2�

�

�𝑟𝑟2−(𝑎𝑎+ℎ)2

√𝑟𝑟2−𝑎𝑎2

 

 
           = −2𝜋𝜋𝜋𝜋[𝑎𝑎 − (𝑎𝑎 + ℎ)]  
 
           = 2𝜋𝜋𝜋𝜋ℎ   

 

  (6) 
   [12] 
 

TOTAAL:  100 
  

𝑦𝑦 = 𝑎𝑎 ⇒  𝑥𝑥 = �𝑟𝑟2 − 𝑎𝑎2 
 
𝑦𝑦 = 𝑎𝑎 + ℎ ⇒  𝑥𝑥 = �𝑟𝑟2 − (𝑎𝑎 + ℎ)2   
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